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1. Introduction 

In a recent paper PJ , a new formalism was proposed for quantizing the superstring in 
a manifestly ten-dimensional super-Poincare covariant manner. Unlike all previous such 
proposals, an explicit covariant prescription was given for computing tree- level scattering 
amplitudes of an arbitrary number of states. To check consistency of the formalism, one 
would obviously like to prove that this new prescription for tree amplitudes is equivalent 
to the standard Ramond-Neveu-Schwarz (RNS) prescription]^]. 

In this paper, we prove this equivalence for tree amplitudes involving an arbitrary 
number of massless bosons and up to four massless fermions. We do not yet have an equiv- 
alence proof for amplitudes involving massive states or more than four massless fermions, 
however, we suspect it might be possible to construct such a proof using factorization 
arguments together with the results of this paper. 

After reviewing the super-Poincare covariant formalism in section 2, we prove in sec- 
tion 3 that the covariant amplitude prescription for tree amplitudes is cyclically symmetric, 

1. e. it does not depend on which three of the vertex operators are chosen to be unintegrated. 
The proof of cyclic symmetry is not the standard one since there is no natural b ghost in 
the covariant formalism. In section 4, we prove by explicit analysis that the covariant 
and RNS prescriptions are equivalent for tree amplitudes involving an arbitrary number of 
massless bosons and four massless fermions. In section 5, we similarly prove equivalence 
for tree amplitudes involving an arbitrary number of massless bosons and two massless 
fermions. And in section 6, we use supersymmetry together with the results of section 5 
to prove equivalence for tree amplitudes involving an arbitrary number of massless bosons 
and zero fermions. 

2. Review of Super-Poincare Covariant Formalism 

The worldsheet variables in the new formalism include the usual ten-dimensional su- 
perspace variables x m and 6 a (m = to 9 and a = 1 to 16), as well as a bosonic spinor 
variable A a satisfying the pure spinor constraint A°7^A^ = for m = to 9.i Although 
one can solve the pure spinor constraint in terms of independent variables as in n , this will 
not be necessary for computing scattering amplitudes. In addition to the above worldsheet 

3 7a/3 an d 7 mQ ^ are 16 x 16 symmetric matrices which are the off-diagonal elements of the 
32 x 32 gamma-matrices and which satisfy 7^7" 01 + 7^7™ ^ 7 = 2 V mn 8Z and J m ( a p7™) 5 = 0. 
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spin-zero variables, the formalism also contains the worldsheet spin-one variables p a and 
]V mn , which are respectively the conjugate momentum to 9 a and the Lorentz currents for 
A Q . 

The OPE's of these worldsheet variables are 

p a (y)00(s) - — £L_, x m (y)x n (z)^- V mn log\y-z\, (2.1) 
y-z 

N mn (y)X a (z) -> ^™£* X ^ Z \ 

m[l Kfk]n( \ _ n[l ]\rk]m( \ kn Im _ km In 

N kl (y)N mn (z) -> ^— 1 J 77 ¥1 - 3^-4 ( 2 - 2 ) 



where (7™)°/? = -(7 mn )/? a = ^(7 mQ7 7^-7 nQ7 7^)- As in @, it is convenient to define 
the combinations 

d a = Pa - \l^dx m - \i™pim^e~id9 5 , II™ = dx m + \i™p9«d9P (2.3) 



which satisfy the OPE's 



d a (y)d p (z) -> - ,ap 4d/)n ra (^) - ^ — , (2.4) 

y - z y-z 

and which commute with the spacetime-supersymmetry generator^ 

q a = - j dz(p a + \l^dx m + l^^ewe 5 ). (2.5) 

Physical vertex operators in the super-Poincare covariant formalism are defined to 
be in the cohomology of the BRST-like operator Q = § dz\ a d a . As discussed in 0, the 
unintegrated massless vertex operator for the open super string is U = X a A a (x,9) where 
A a (x,9) is the spinor potential for super- Yang-Mills satisfying D^™^)^ Ap = for 
any five-form mnpqr and D a = + \l™pO^ d m . The spinor potential is defined up to a 
gauge transformation A a — ► A a + D a Q, which allows one to choose the gauge 

A a (x, 9) = \a m {x)^ + lc(xh^ miS 0^9 s + ... (2.6) 

where a m (x) and £, a (x) are the linearized on-shell gluon and gluino of super- Yang-Mills 
satisfying d m d rn a n = d n a n = l™pdm^ — an d ••• denotes terms higher order in 9 which 



4 We have chosen conventions such that {q a ,q@} = 7^g § dzdx m to simplify the comparison 
with RNS amplitudes. 
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depend on derivatives of a m and £ Q . So in the gauge of (|2.6| ), the unintegrated gluon and 
gluino vertex operators are 

U% = [~A 7m + ...] C tt -, U£ = [\{\lm6){i m 6) a + ...y k -. (2.7) 

To compute scattering amplitudes, one also needs to define vertex operators in in- 
tegrated form. Although there is no natural b ghost in this formalism, one can de- 
fine the integrated vertex operator for a physical state, U = J dzV ', by requiring that 
[Q, V] = dU where U is the unintegrated vertex operator Q. For the massless states, 
V = n m A m + d6 a A a + d a W a + \N mn F mn where A m = \^D a Ap is the vector poten- 
tial, W a = -^^"^(DpAm — dmAp) is the spinor field strength, and F mn = d[ m A n ] = 
\{lmn)^ ' aD 'pW a is the vector field strength. So in the gauge of (|2.6| ), the integrated gluon 
and gluino vertex operators are 

V£ = [dx m - ik n {N mn - \ Vlm J) + ...je^, V£ = -\p a + ...}e lk - x , (2.8) 

where the term proportional to P7 mn ^ m comes from the d a W a term in V. As will be 



shown later, the higher-order 9 terms denoted by ... in (|2.7|) and ( 2.8|) will not contribute 
to tree-level scattering amplitudes involving up to four fermions. 

The Appoint tree-level scattering amplitude is defined by taking the worldsheet cor- 
relation function of three unintegrated vertex operators and N — 3 integrated vertex oper- 
ators, i.e. 

A = (U 1 (z 1 )U 2 (z 2 )U 3 (z 3 ) J dz 4 V 4 (z 4 )... J dz N V N (z N )}. (2.9) 

The only subtle point in computing this correlation function comes from the zero modes 
of \ a and 8 a . The correlation function over these zero modes is defined to vanish un- 
less one has three A zero modes and five 9 zero modes contracted in the combination 
(\j m 9)(\j n 9)(\'y p 9)(9j rnn p9). More explicitly, after performing the correlation function 
over x m and over the non-zero modes of 9 a and A a , the amplitude is obtained by defining 

((A 7 m fl)(A7 n #)(A7^)(# 7?nnp #)> = 2880 (2.10) 

where the normalization factor of 2880 has been chosen to give agreement with the RNS 
normalization. This is equivalent to defining the correlation function over the zero modes 
of Y(x, 9, A) to be proportional to 

J d 10 x J dfi(A p A")- 3 7 X(A7 m ) 7 (A7 n ) 5 (A 7 Ty d9 a d9 f3 d9 1 d9 s d9 K Y, (2.11) 



where A Q is the complex conjugate of A a (after Wick-rotating to Euclidean space) and <ifi 
is an integration over the different possible orientations of A a . ( |2.11| ) can be interpreted 
as integration over an on-shell harmonic superspace since, as was shown in |rj , it preserves 
spacetime-supersymmetry and gauge invariance. Note that integration over all sixteen #'s 
leads to inconsistencies as was noted in 



3. Cyclic Symmetry of Tree Amplitudes 



The amplitude prescription of (|2.9| ) fixes three of the vertex operators to be unin- 
tegrated and the remaining vertex operators to be integrated. The choice of which three 
vertex operators are unintegrated breaks the manifest cyclic symmetry of the computation, 
i.e. the symmetry under a cyclic permutation of the external states. To show that the 
resulting amplitude is indeed cyclically symmetric, one therefore needs to prove that the 
prescription is independent of which three vertex operators are chosen to be unintegrated. 

In the RNS (or bosonic string) amplitude prescription, the independence of the choice 
of which three vertex operators are unintegrated can be proven using manipulations of the 
b ghost 0. This follows from the fact that the integrated vertex operator J dzV is related 
to the unintegrated vertex operator U by V = {b, U}. In the super-Poincare covariant 
formalism, there is no natural candidate for the b ghost so such a proof cannot be used. 

Alhough one cannot use that V = {b, U} in the covariant formalism, one can use 
that [Q,V] = dU [§. Note that [Q,V] = dU is also satisfied in the RNS and bosonic 
string, so the proof in this section serves as an alternative to the conventional proof using 
manipulations of the b ghost. Our proof will argue that 

(U 1 (z 1 )U 2 (z 2 )U 3 (z 3 ) ! 1 dztV^zt) ! 1 dz 5 V 5 (z 5 )... I dz N V N (z N )) = (3.1) 

J Z 3 J Z4 Jz N _ 1 

PZ 3 PZl PZl PZl 

(U 1 (z 1 )U 2 (z 2 ) / dyV 3 (y) U 4 (z 3 ) / dz 5 V 5 (z 5 ) / dz 6 V G (z 6 )... / dz N V N (z N )) 

J z 2 J z 3 J z 5 Jz N _i 

where Z\ < z 2 < ... < zn and the integration with upper limit Z\ signifies an integration on 
the compactified real line which includes the point at oo. Similar arguments can be used 
to prove equivalence of the amplitude prescription for any choice of the three unintegrated 
vertex operators. 



To prove (|3.1| ), first write the left-hand side of ( pTT|) as 



{U x { Zl )U 2 {z 2 ) I 3 dy[Q,V 3 (y)} [ ' dz±V 4 (z 4 ) [ " dz 5 V 5 (z 5 )... [ ' dz N V N (z N )) (3.2) 

J Z 2 J Z 3 J 2 4 </Zjv_l 



where we have used that dy[Q, V 3 (y)] = Us(zs) — U 3 (z 2 ). The contribution coming from 
U 3 {z 2 ) can be ignored since when k 2 ■ k 3 is sufficiently large, U 2 (z 2 )U 3 (z 2 + e) — » e k2 ' ka — > 
as e — > 0. But since the amplitude is analytic (except for poles) in the momentum, the 
contribution coming from £73(2:2) must vanish for all k 2 and k 3 if it vanishes for some region 
of k 2 and k 3 . This is the 'cancelled propagator' argument discussed in 0. 

Using properties of the correlation function discussed in [Q, one can pull the BRST 
operator off of ^3(23) until it circles either V^z^), V^z^), ... , Vn(zn). The contribution 
coming from when it circles ^4(24) is 

(U 1 (z 1 )U 2 (z 2 ) ( 3 dyV 3 (y) I 1 dz A [-Q,V 4 (z 4 )} f * dz 5 V 5 (z 5 )... f dz N V N (z N )) = 

J 2 2 J 23 ^24 Jz N -i 

/•23 />2l /-2l /-2l 

(E/i(jSi)172(22) / dyV 3 (y) U 4 (z 3 ) / (^5^5(25) / ttee^e^)— / ^jv^^jv)) 

J 2 2 ^23 </2 5 Jzn-1 

(3.3) 



where the contribution from [^(zi) in ( |3.3j ) has been ignored using the cancelled prop- 
agator argument described above. Similarly, the contributions from Q circling any of 
Vs(z5)...Vn(zn) can be ignored since they only give rise to terms which vanish due to the 
cancelled propagator argument. Since ( |3.3j ) is equal to the right-hand side of (|3.1|), we 
have proven our claim. 

Similar methods can be used to prove that closed superstring tree amplitudes are 
independent of the choice of which three vertex operators are unintegrated. For the closed 
superstring, the unintegrated vertex operator U (z, z) is related to the integrated vertex 
operator f d 2 zV(z, z) by 

{Q[Q,V]} = d5U (3.4) 

where Q and Q are the holomorphic and anti-holomorphic BRST operators. So the closed 
superstring tree amplitude 



A= {Ui(z 1 ,z 1 )U 2 (z 2 , z 2 )U 3 (z 3 , z 3 ) J d z 4 V 4 (z4, z A )... J d z N V N (z N ,z N )} (3.5) 
can be written as 

A=^(U 1 (z 1 ,z 1 )U 2 (z 2 ,z 2 ) [ d 2 y [ d 2 z 4 log I {y - Zs){z4 - Zs) \{Q, [Q, V s (y, y)}} (3.6) 
V 4 (z4,Z4) / d 2 z 5 V 5 (z 5 , z 5 )... / d 2 z N V N (z N , z N )) 



where we have used that 

1 « « 1 I (V ~ Z Z)( Z * - Z 3 ) 2 2 

— d y dg \og\ 1=<5 (y-z 3 )-S (y - z 4 ) (3.7) 

Z7T y — Z 4 

and that the contribution from V 3 (z4,z 4 ) can be ignored using the cancelled propagator 
argument. Note that the argument of the logarithm has been chosen such that the loga- 
rithm is non-singular as y — ► 00. Pulling Q and Q off of V 3 (y, y), the only contribution 
comes when they circle V 4 (z 4 , z 4 ) to give 

A=^(U 1 (z 1 ,z 1 )U 2 (z 2 ,z 2 ) [ d 2 y V 3 (y,y) [ d 2 z 4 log | {y - * 3)( * 4 - * a) | (3.8) 

^ J J y- 

{Q,{Q,V 4 (z 4 ,z 4 )]} J d 2 z 5 V 5 (z 5 ,z 5 )... J d 2 z N V N {z N ,z N )) 
= (Ui(z 1 ,zi)U 2 (z 2 ,z 2 ) / d 2 yV 3 (y,y)V 4 (z 3 ,z 3 ) / d 2 z 5 V 5 (z 5 , z 5 )... / d 2 z N V N (z N ,z N )) 



(3.9) 

which is the closed tree amplitude prescription with a different choice of unintegrated 
vertex operators. 

It will now be proven that for amplitudes involving an arbitrary number of massless 
bosons and up to four massless fermions, the prescription given by (|2.7|) , (|2.8|) and (|2.9| ) 
coincides with the standard RNS prescription of [0. This will first be proven for ampli- 
tudes involving four fermions, then for amplitudes involving two fermions, and finally, for 
amplitudes involving zero fermions. 

4. Equivalence for Amplitudes involving Four Fermions 

Because of the cyclic symmetry proven in the previous section, one is free to choose 
three of the four fermion vertex operators to be unintegrated. With this choice, the 
amplitude prescription of ( |2.9| ) is 

A = (&UZ(zi)gu![(z2)£U?{z a ) (4.1) 

dz 4 ^V s F (z 4 ) J dz 5 afV*(z 5 )... J dz N a n N V*(z N )) 

where £° and a m are the polarizations and (U F , V F , V^) are defined in Q2.7Q and (|2.8|) . 
Since U F has a minimum of two 0's and since A requires precisely five 9 zero modes to be 
non- vanishing, the only terms in (U F , V F , V^) which contribute are 

A = ~(&faMt£fpM$f<yW j dz 4 ^ P5 (z 4 ) (4.2) 



dz 5 af(dx m (z 5 ) -ik p 5 M mp (z 5 ))... J dz N a^(dx n (z N )-ik%M nq (z N ))e i ^r=i k ^^) 

where f a = (A7 m 6>)(7 m 6>) a and M mn = N mn - \ {p^ m nO). 

The amplitude prescription of will now be shown to coincide with the RNS 

prescription of with the four fermion vertex operators in the — | picture.! Choosing 
three of the fermion vertex operators to be unintegrated, 

A RN s = -(ei a ce-ts a (^ 1 )^ ce -ls /3 (^)^ce-ts 7 (z 3 ) j dz 4 $e-%Z s (z 4 ) (4.3) 
dz 5 af(dx m (z 5 ) -ik p ip m ip p (z 5 ))... / dz N a N (dx n (z N ) - ik q N ^ n ^ q (z N ))e ^r=i 



where E Q is the RNS spin field, —^ a ce~^T, a is the unintegrated fermion vertex operator, 
and £ a e - ^£ a = {b, — ^ Q ce~^E a } is the integrated fermion vertex operator. 

The correlation function of x m is clearly equivalent in A and Arns of ( |4^ ) and ( [4.3|) . 
So to show .4. = v4.^7V5 , one only needs to show that 

^{fct(zi)fp(z 2 )f 1 (z 3 )p5(z 4 )M mp (z 5 )...M nq (z N )) = (4.4) 
(ce"2 £ Q (zi)ce"2 E /3 (z 2 )ce" 2 E 7 (z 3 )e" 2 E 5 (z 4 )^ m ^ p (z 5 )...^ n V ; g(^))- 



To prove (|4.4|) , first note that ( |2.1|) implies that |l| 



Vm[iM k]n ( z) - r] n [iM k]rn (z) r] kn r) lm - rfc m ??z T 



M k i(y)M mn (z) -> 1 — -2 , (4.5) 



which coincides with the OPE of ip k ifji(y) with ifj m ip n (z). Furthermore, 

M mn (y)/ Q (^ (7 ^ a __y Z) , M^^^^ ^lM , (4.6) 

reproduces the OPE of ipmi^n(y) with E a (z). Since the dependence of .A and Arns on 
25...Z7V is completely determined by these OPE's, we have shown that A = Arns if 

^(fa{zi)ffi(z2)fy(z 3 )p s (z4)) = (ce~ % S a (zi)ce~ * Z/3(z 2 )ce- % £ 7 (£ 3 )e~ * E*(z 4 )) . (4.7) 

Using the OPE's of 0, the right-hand side of ( |4.7| ) is easily evaluated to be 

7qg7m/3 7 + 7^7m 7 q + 7^ 7m a/3 ^ g ^ 

£l — Z4 ^2 — £4 Z 3 — Z4 



5 Comparison of the two prescriptions is complicated for amplitudes involving more than four 
fermions since such amplitudes require fermion vertex operators in the +^ picture. 



The left-hand side of (|4.7|) can also be evaluated by analyzing the poles of psiz^). For 
example, as Z4 — > z±, the left-hand side has a pole whose residue is 

^( [(7S(A7m»)(«i) " (7mA) 5 (7 m ^a(^i)] (A 7 B fl)(7»»)/j(^) (A 7 P #) (7^)7(^3) )• (4.9) 



To simplify the evaluation of 

1 



use the fact that 



= Q[\(-y m eU7 m 9)s] + \iZ{0im\) 



(4.10) 



where Q = § dz\ a d a . Since Q anti-commutes with the vertex operators at z<i and Z3 and 
since (Q(Y)) = for any Y 0], the term — ( 7m A),5(7 m 6>) Q in ( |4.9|) can be replaced with 
|7^(^7 m A). So using the zero mode correlation function defined in (|2.11| ), (|4.9|) is equal 



H m( 5 1 = ( (XlmO)(z 1 ) {\i n 9){ ln e)p(z 2 ) {\y p e){j p 6)^(z s ) > = 18 7m/37 . 



(4.11) 



To prove ( |4.11[ ), we have used that ( |2.11| ) is Lorentz-invariant so H m p 1 must be propor- 
tional to 7m /3 7 . To find the proportionality constant, we have used from (|2.10|) that 
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m ^H mPl = ((x lm e)(x 1 n e)(x 1 p e)(e lrnnp e)) = 2880. 



So the residue of the 



21—24 



pole in (|4.9|) is 7^7^/37 which agrees with the residue in 

— and — - — poles agree in the 

22—24 23—24 L ° 

two expressions so we have proven that A = Arns f° r amplitudes involving four fermions. 



Q4.8|) . Similarly, one can show that the residues of the 



5. Equivalence for Amplitudes involving Two Fermions 

The proof of equivalence for amplitudes involving two fermions closely resembles the 
proof for amplitudes involving four fermions. Choosing two fermion vertex operators and 
one boson vertex operator to be unintegrated, the amplitude prescription in the covariant 
formalism is 

A = (^(z 1 )f 2 U^(z 2 )aTU^(z 3 ) J dz,a n ,V n B (z 4 )... J dz N a p N V p B \z N )) (5.1) 

where £ a and a rn are the polarizations and (U£ \U B ,V B ) are defined in ( |2.7| ) and (|2.8|). 
Since U£ has a minimum of two 0's, has a minimum of one and A requires precisely 
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five zero modes to be non-vanishing, the only terms in (U^ , U^, V£) which contribute 



are 

1 



A = ^<ff faMg Mz 2 )a?b m (z 3 ) (5.2) 



dz±a?l(dx n (z A ) -ik\M nq (z4))... J dz N a p N {dx p (z N ) - ik N M pr (z N ))e^r=i kr ' x ^ Zr) ) 

where / = {X-i m 9){^ m 0) a , b m = Xj m 9, and M mn = N mn - \{jry mn 9). 

The amplitude prescription of ( |5.2| ) will now be shown to coincide with the RNS 
prescription of @, 



A RNS = (^ce-^E a (z l )^ce-^E p (z 2 )a^ce-^ 1 p m (z 3 ) (5.3) 
dz^a^dx^z^) - ikl^ n ip q (z 4 ))... / dz N a p N (dx p (z N ) - ik N i> p il) r {z N ))e^^ kr ' x<yZr) ) 



where the fermion vertex operators are in the — \ picture and the unintegrated boson 
vertex operator is in the —1 picture. 

As before, the correlation function of x m is equivalent in A and Arns of (|5.2| ) and 
|). Furthermore, 

Ml \ t (\ {lmn)a^ ' ff){z) ,, f \t. f \ Vnpbm(z) — Tj rnp b n (z) 
mn{y)J a {z) -> — —, r — , M mn (y)b p {z) -> , (5.4) 

2{y-z) y-z 

reproduces the OPE of ip m ^ n (y) with T, a (z) and with ip p (z). So using the arguments of 
the previous section, A = Arns if 

^(U(z 1 )fp(z 2 )b m (z 3 )) = (ce~^E a (z 1 )ce~^p(z 2 )ce~ (l, ip m (z3)). (5.5) 

io 



Using the RNS OPE's of 0, the right-hand side of (|5.5[) is easily evaluated to be 
lma/3- The left-hand side of (|4.7|) is 

^( (Xj n 6)( ln e) a ( Zl ) (XY6)( lp e) p (z 2 ) (X lm 0)(z 3 )) = ^H maP = 7maf3 (5.6) 



from ( f4.11| ). So we have proven that A = Arns f° r amplitudes involving two fermions. 
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6. Equivalence for Amplitudes involving Zero Fermions 

The equivalence of amplitudes involving zero fermions will now be proven using space- 
time supersymmetry to relate these amplitudes with amplitudes involving two fermions. 
This will be made explicit uusing the supersymmetry transformations of the covariant and 
RNS massless vertex operators. 

First, note that the supersymmetry generator of (|2.5| ) exchanges the massless boson 
and fermion vertex operators of ( |2.7| ) and (|2l]) in the following manner: 



tic*, U*} = l -k n { lmn)c ?Ul + Q(n ma ), [q a ,U$] = + Q(E a/3 ), (6.1) 

[fe, VS] = \k n <a mn )Jv* - d(n ma ), {q a ,v F } = ^v B + dp aP ) t 

for some O mQ and E Q/ g. ( |6.1|) can be derived either by explicit computation or by using 
the on-shell supersymmetry transformations of the super- Yang-Mills component fields. The 
dependence on O ma and E a ^ comes from the fact that supersymmetry transformations do 



not commute with the gauge choice of (|2.6| ). 



The covariant amplitude prescription for the scattering of N massless bosons is 

A = (aTUi(z 1 )a^U B (z 2 )a p 3 U B (z 3 ) J dz±a\V B (z 4 )... J dz N a r N V r B (z N )) , (6.2) 

which can be written using (BTT) and BRST-invariance of the correlation function as 

A=^(aT^[q a ,U F (z 1 )KU B (z 2 )a p 3 U B (z 3 ) J dz A a\V q B {z A )... j dz N a r N V r B (z N )). 

(6.3) 

Since the correlation function preserves supersymmetry as was shown in PL q a can be 
pulled off of Up(zi) until it circles any of the other boson vertex operators. 
For example, when q a circles U B (z2), one gets the term 

-^«J^(z 1 )aUqa,U B (z 2 )}a p 3 U B (z 3 ) J dz A a\V q B {z A )... J dz N a r N V r E 'M) (6.4) 
= -^(aT^Un Zl )a^ ns )JU s F (z 2 )a p 3 U B (z 3 ) [ dz,a\V B {z,)... [ dz N a r N V r B (z N )). 



32 x-i >m f3 

But using the results of section 5, this is equal to the analagous RNS correlation function 
where U F is replaced with the picture — | fermion vertex operator — ce~^Yipe lk ' x , is 
replaced with the picture —1 boson vertex operator ce~ ( t'ijj p e lk ' x , and V B is replaced with 

(dx m - ik n ip m Tp n )e lk ' x . 
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Similarly, when q a circles V B {z^), one gets the term 

-^(<1^UF{ Zi )c%U* (z 2 )a p s U p 3 (z 3 ) J dz,a\kl{ lqs ) a 5 Vf{z,) (6.5) 

dz N a r 5 V r B (z 5 ) . . . J dz N a s N V s B (z N ) ) . 



To relate ( B.5| ) to an analogous RNS expression, one first uses the results of section 3 
to exchange U p {z 3 ) J dz^V^ '(24) for J dyV p B (y) Uf (23). One can then use the results of 
section 5 to relate (|6.5|) to an analogous RNS expression as was done for (|6.4j) . 

So A of ( |6.2| ) is equal to a sum of RNS correlation functions involving N — 2 mass- 
less boson vertex operators and two massless fermion vertex operators. It will now be 
shown that this sum of RNS correlation functions is related by supersymmetry to the RNS 
prescription for the scattering of iV massless bosons: 

A RNS = ({Q,^o)}aTce-Urn(z 1 )a^ce-Un(z2)a p 3 ce-U P (z3) (6.6) 

dz±a\{dx q {z<s) - ifcfVW'sO^))- / dz N a r 5 {dx r {z N ) - ^VvtM^aOK^^ 1 k r-x{z r )^ 



where {Q,C( z o)} is the picture-raising operator and zq is arbitrary. To prove A = Arjvs, 
first write 

A RNS = ^({Q^(^o)}ar7^[^ ArS ,-ce-^E / ,( 2l )]a^e-^ n (^)a^e-^ P (^3) (6.7) 
dz4al(dx q (z 4 ) -iklil)qip 8 {z±))... J dz N a r 5 (dx r (z N ) - ik t N i) r i>t(zN))e l '^' r = 1 

where q^ NS = § dze~^T, a is the RNS spacetime-supersymmetry generator in the — | 
picture[|. Pulling^ 5 off of — ce 2 £^(^1) until it circles the other vertex operators, one 
recovers precisely the same terms as found earlier. 

For example, if q^ NS circles ce _c? V n (z2), one obtains the term r y na pce~~^'T, f3 (Z2). 
Choosing zq = z%, one gets the picture-raised version of this term which is | k^i'jns)^ 
ce - ^ £5(2/2). Comparing expressions, one sees that this is precisely the RNS version of 
( |6^) . Similarly, if q^ NS circles dx q (z 4 ) — iklip q tp s (z4) 1 one obtains ^kl('j qs ) a )3 e~^ Hp(z^). 
Choosing z Q = z 3 to convert ce~^ip p {z 3 ) to c(dx p (zs) — ik^ip p i{) u (zs)) and using cyclic 
symmetry to exchange the integrated and unintegrated vertex operators at Z3 and 24, 
one recovers the RNS version of ( |6.5| ). So we have proven the equivalence of amplitudes 
involving zero fermions. 
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